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Multiplicate Weights I.

Mutliplicative Weights algorithm:
1: Fix an η ≤ 1

2 . With each decision i associate the weight
wi = 1

2: for t = 1, 2, . . . ,T do
3: Choose decision i with probability proportional to its

weight w (t)
i .

4: Observe the costs of decisions m(t).
5: Penalize the costly decisions: for every decision i set

w
(t+1)
i = w

(t)
i (1− ηm

(t)
i )
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Multiplicate Weights II.

Theorem

Assume that all costs m
(t)
i ∈ [−1; 1] and η ≤ 1

2 . Then the
Multiplicate Weights algorithm guarantees that after T rounds, for
any decision i , we have:

T∑
t=1

m(t) · p(t) ≤
T∑
t=1

m
(t)
i + η

T∑
t=1

|m(t)
i |+

ln n

η
,
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Solving a LP with MW I.

Matrix game

Moves: [n], [m]
Payoff: A ∈ [−1; 1]n×m

Probabilities: x ∈ ∆n, y ∈ ∆m

Goal: optimize y for the best possible strategy x

min
y∈∆m

max
x∈∆n

xTAy = min
y∈∆M

max
i∈[n]

eTi Ay ,

Primal:

min λ

s.t. Ay ≤ λe

y ∈ ∆m

λ ∈ [−1; 1]

Dual:

max λ′

s.t. AT x ≥ λ′e

∈ ∆n

λ′ ∈ [−1; 1]
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Solving a LP with MW II.

Modified Grigoriados-Khachiyan (MGK) algorithm:
1: x (0) ← 0 ∈ Rn and y (0) ← 0 ∈ Rm

2: for t = 1, 2, . . . do
3: η(t) = 1

2
√
t

4: u(t) ← −AT x (t) and v (t) ← Ay (t)

5: P(t) ← exp(u(t)) = exp(−AT x (t)) and
Q(t) ← exp(v (t)) = exp(Ay (t))

6: p(t) ← P(t)

∥P(t)∥1
and q(t) ← Q(t)

∥Q(t)∥1

7: Sample a ∼ p(t) and b ∼ q(t)

8: y (t+1) = y (t) + η(t)ea and x (t+1) = x (t) + η(t)eb.
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Solving a LP with MW III.
Theorem

Let δ ∈ (0, 1
3). With probability at least δ the MGK algorithm

produces a sequence of x (t) and y (t) such that for all t the
intermediate solutions x(t)

∥x(t)∥1
and y (t)

∥y (t)∥1
are ε-optimal

solutions with

ε =
2√
t
·
(

3 ln t + ln(nm) + ln

(
1
δ

)
+ 2
)

Given a pair of strategies x and y and k = O( 1
ε2
) independent

samples i1, . . . , ik from x and j1, . . . , jk from y , 1
k

∑k
l=1 Ail jl is

an ε-approximate estimate of the value of the game
corresponding to strategies x , y .
The MGK algorithm can be implemented to find an ε-optimal
pair of solutions with probability at least 1− δ in 16

ε2
ln(nmδ )

iterations, using O(n +m) time per iteration and n +m
queries to the entries of A.
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SemiDefinite Programs, MMW algorithm I.

Generalize the matrix game:

Strategy: unit vector v from a distribution P
Loss matrix M with eigenvalues from [−1; 1]
Largest eigenvalue: λn(M)
Payout: vTMv = M • vvT

A • B = Tr(ATB) =
∑

ij AijBij

Expected loss: M • EP(vvT )
Goal: minimize

∑T
t=1 vTM(t)v
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SemiDefinite Programs, MMW algorithm II.

Matrix Multiplicate Weights algorithm:
1: Fix η ≤ 1, number of rounds T .
2: Set W (1) = I.
3: for t = 1, 2, . . . ,T do
4: Use the density matrix P(t) = W(t)

Tr(W (t))

5: Obtain loss matrix M(t)

6: Update the weight matrix as follows:

W(t+1) = exp

(
−η

t∑
τ=1

M(τ)

)
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SemiDefinite Programs, MMW algorithm III.

Theorem

For any sequence of loss matrices M(1),M(2), . . . ,M(T ), the MMW
algorithm generates density matrices P(1),P(2), . . . ,P(t) such that

T∑
t=1

M(t) • P(t) ≤ λn

(
T∑
t=1

M(t)

)
+ ηT +

ln n

η
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A Primal-Dual solver with MMW I.

Primal:

max C • X

∀j ∈ [m] : Aj • X ⪯ bj

X ⪰ 0

Dual:

min b · y
m∑
j=1

Ajyj ⪰ C

y ≥ 0
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A Primal-Dual solver with MMW II.

Oracle is an algorithm that, given a primal candidate solution
X ⪰ 0 either outputs a vector y (if there is such a vector) such
that

b · y ≤ α
m∑
j=1

(Aj • X)yj ≥ C • X

y ≥ 0

our outputs "fail". In the latter case, we’ll say that the
(Oracle) failed.

Oracle fails: X can be scaled to become a primal feasible
solution
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A Primal-Dual solver with MMW III.
Width of Oracle: smallest ρ ≥ 0: for primal candidate X, y
satisfies ∥Ajyj − C∥ ≤ ρ

Algorithm:
1: Fix trace bound R , width bound ρ, parameters η ≤ 1 and

T for the MMW algorithm
2: for t = 1, 2, . . . ,T do
3: Obtain the density matrix P(t) from step t of the MMW

algorithm
4: X(t) = RP(t)

5: Run Oracle with primal candidate X(t)

6: if Oracle fails then
7: Abort.
8: Let y(t) be the vector generated by Oracle
9: Use M(t) = 1

ρ(
∑m

j=1 Ajy
(t)
j − C) as the loss matrix in the

next step of the MMW algorithm
10: If Oracle never fails in all T rounds, then output the dual

solution y = 1
T

∑T
t=1 y(t) + ε

E e1.
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A Primal-Dual solver with MMW IV.

Theorem
Run the Primal-Dual SDP solver with MMW with parameter
setting η = ε

2ρR and T = ⌈4ρ
2R2 ln n
ε2

⌉ and assume that Oracle never
fails in any of the T iterations. Then the dual solution output, y is
feasible with objective value at most α+ ε.
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