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Introduction

» If property A holds for any subfamily of a family of sets F
that is of a given finite size h and property, then some
property B holds for the whole family F of arbitrary finite

size n
» Helly number: h (minimal)
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Helly-type theorems

> Helly’s original statement
P> convex sets
» non-emypty intersection
» Helly number: d +1

» Colorful Helly Theorem
» substructure: d + 1 different families - colorful representative
selection
» non-empty intersection
» Helly number: d +1
» lexicographic ordering of points
» Quantitative Volume Theorem
P> convex sets

> lower bound on volume of intersection d—2¢°, (d—29)
» Helly number: 2d



Colorful Volume Theorem

v

combination of Colorful Helly and Quantitative Volume
Theorem

convex bodies

3d, d(d + 3)/2 families

lower bound on volume of intersection c¢”d=59*/2 1
Helly number: 2d

John’s theorem — lexicographic ordering of ellipsoids.
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Piercing Boxes

Definition: A set P pierces a family of sets F if for any set
S € F there is an element p € P such that p € S. If |P| = n, then

F is n-pierceable

Theorem (Danzer, Griinbaum). If h = h(d, n) is the smallest
positive integer such that for any finite family F of axis-parallel
boxes in RY every h-tuple from F is n-pierceable implies that F is

n-pierceable then following are the values of h:

h(d,1) =
h(1,n)=n+1
d 2
hd.2) = > I
3d—1: 2+d
h(2,3) = 16

h(d, n) = Ng

n>3,(d,n) #(2,3)



Piercing Boxes

Figure: 2-piercing a family of 2-dimensional boxes




Punching holes into boxes

» combination of piercing and volume theorems — punching
holes
Definition: For volume set ¥V C R+ and enumeration
v:YV — Z~o a family a of d-dimensional boxes
F = {Hle[a,-j, bjj] : i € I} for some index set Z is
V), v-punchable if there is a family of d-dimensional boxes H such
that

VYveV v(v)=|{H e H:Vol(H) = v} (1)
VBe F dHeH HCB (2)

If (2) holds for some families of boxes F,H then H punches F.
If the volume set has 1 element V = {v} and v(v) = n and there
is a family # for which (1),(2) hold, then F is n-punchable.



Results

Statement 1: For a family of intervals

F ={li=lai,bi] CR:i €T} if any subfamily of n+ 1-elements
is n-punchable, then F is n-punchable.

Statement 2: For any dimension d there is a family F of
d-dimensional boxes such that any 3d-tuple is 2-punchable, but F
is only {e},2-punchable for any ¢ > 0.

Corollary: In any Helly-type theorem about 2-punching boxes, the
Helly number has to be at least 3d + 1.



Proof of Statement 1

Minkowski difference

Figure: Minkowski addition, difference

n-piercing intervals



Proof of Statement 2

Figure: Construction for d = 2. Punching pairs are of the same color.



Proof of Statement 2

Figure: Any 6-tuple can be punched by 2 big boxes.
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Discussion
Other definitions:
» Definition: A family of sets F is intersection-connected if

the intersection graph Ir = (F, E) is connected where
Vx#y€eF, (x,y) €EE < xNy#0.

» Definition: An intersection-connected family of
d-dimensional boxes is intersection-punchable if there is a
family of d-dimensional boxes H which punches F such that

VBeF IHeH 3IB €F\{B} HcBNB (3

» Definition: A family of d-dimensional boxes is
n-sum-s-punchable if there is a family of d-dimensional
boxes H that punches F such that

> Vol(H) =s (4)

HEH
[H[=n (5)
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