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1 Abstract

The conjugate gradient method (CGM) is a widespread way to find the solution of dis-
cretized elliptic partial differential equations iteratively. Furthermore, the preconditioned
CGM can be competitive with multigrid methods and, under certain conditions, operator
preconditioning can provide mesh-independent superlinear convergence. This project con-
siders a self-adjoint second-order elliptic boundary value problem with variable zeroth order
coefficient and its finite element discretization. We study the mesh-independent superlinear
convergence of the preconditioned CGM for this type of problem see e.g [§], [3], and extend
previous results of [§] to the case of unbounded reaction coefficients in some Lebesgue spaces.
Our goal is to find an eigenvalue-based estimation of the rate of superlinear convergence and
to show that a similar estimation can be obtained in the case of systems of PDEs.

2 General framework

Let H be a real separable Hilbert space and let us consider a linear operator equation
Bu=g (1)

with some g € H, under the following assumptions

(i) The operator B is decomposed as
B=S+0Q (2)

where § is a symmetric operator in H with dense domain D and Q is a compact
self-adjoint operator defined on the domain H.

(ii) There exists k > 0 such that (Su,u) > k||u||?, u € D.
(iii) (Qu,u)y >0, u € D.
We recall that the energy space Hg is the completion of D under the energy inner product
(u,vys = (Su,v) (3)

, and the corresponding norm is denoted by || - ||s. Assumption (if) implies Hg € H. Then,
there exists a unique operator denoted by Qg : Hg — H; such that

<Q5M, V>S = <Qu’ V>

for all u,v € Hy.
We replace equation by its formally preconditioned form (I +S™'Q)u = S~'g in Hg.
This is equivalent to the weak formulation

<(I+ QS)M» V>S = <g9 V>, Vv € H;. (4)

Since by assumption (iii) the bilinear form on the left is coercive on Hg, by the Lax-Milgram
theorem, there exists a unique solution u € Hg of .
Now equation is solved numerically using a Galerkin discretization.
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Construction of the discretization. Let V = span{¢i,...,¢,} C Hg be a given
finite-dimensional subspace,

S = (et and Q = Qg e}

the Gram matrices corresponding to S and Q. We look for the numerical solution uy € V of
equation () in V, i.e., for which

((I+Q0s)uy,v)s =(g,v), VveV. (5)
Then uy = Zﬁjzl cjpj, where ¢ = (c1,...,c,) € R" is the solution of the system
(S+Q)c=b (6)

with b = {(g, goj)};?zl depending on V. The matrix B := S+ Q is SPD.
By using matrix S as the preconditioner for the system @, we shall work with the

preconditioned system .
(I+S7'Q)c =h, (7)

where b = S™'b and I is the identity matrix in R”. Then we apply the CGM for the solution
of this new system.

Preconditioned conjugate gradient method algorithms. The method is given by
the following algorithm: Let ug € H arbitrary, po = Bug—g, Spo = po, ro = po and for k € N

Uk+l = Uk + APk,
resl =i + ST Bpy,
Pk+l = Tk+1 + BrPk
with
el el
T ®pipy T IR
Note that it is not necessary to compute the inverse of S. Instead, we solve the auxiliary
problem

997

Szx = Bpi
Tkl =Tk + QkZ-
By setting wy = zx — px, the previous system is equivalent to

{ Swi = Qpx,

Tk+l =Tk + k-

The next step is to find superlinear convergence rates for the CGM. Let A = (I+S71Q) and
E = S7'Q. Assume that Aj = A;(A) are ordered according to |41 =1 > [A2=1] > --- > [4,—1].
Then A;(E) = A; — 1 and the error vectors ey = cx — ¢ satisty [I]

lexlla )5 2)A7Y < )
( dla STE 4,S7'Q)L k=1.2,....n (8)
j=1

lleoll

The following result allows us to give a convergence rate for the upper bound of
through the eigenvalues of the operator Qg. This is a modification of Theorem 1 in [§] where
the square of eigenvalues was considered.
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Theorem 1. For any k =1,2,...,n

k k
4,;(871Q)1 < )" 4;(0s), (9)
j=1 j=1
Proof. Let A, = 4,(S71Q). Let ¢ = (c]',....cy) € R" be the corresponding eigenvectors.
Then

Qc™ = 2,Sc" (10)

for all m. Since S7'Q is self-adjoint with respect to the S—inner product, therefore all
eigenvalues Ay, ..., A, are real, counting with multiplicity. Furthermore, the corresponding
eigenvectors are orthogonal in R” with respect to the S—inner product. Let us choose them

such that they are also orthonormal:
Sc"-ct=6,, mil=1,....n,

where 8,,; is the Kronecker delta.

Let u,, = ;"zlc;."goi eV,m=1,...,n. Then for all m,[ =1,...,n we have that
n
(o ur)s = >~ (i pp)scl'cl = Sc™ - e, (11)
i,j=1

hence implies that u1,...,u, form an orthonormal basis in V C Hg with respect to the
Hg-inner product. Then , yield

Qcm~cl=/lm5ml, m,l=1,...,n.
Hence, we obtain
(qum,m)s =/1m5m1, m,l = 1,...,1’1. (12)

Using Corollary 3.3 of 7] and since Qg is a positive compact self-adjoint operator on the

Hilbert space Hg, we have that

n n

D K Qsttm,un)sl < ) 5(Q5) = > 4;(Qs), (13)
m=1

m=1 m=1

where 5;(Qs) are the singular values of Qg. Then, by and we arrive at

Zn: [Am| = Zn: KQstm, um)s| < Zn: 1;(Qs).
m=1 m=1 m=1

An immediate consequence of this theorem is the following mesh-independent bound.
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Corollary 1. For any k =1,2,...,n

1/k -1 K
2[|A
(”ek“A) < ” || § ﬂ](QS)a k=1,2,...,n. (14)
J=1

lleoll k

Proof. By [2, Prop. 4.1] we are able to estimate ||A|| to obtain

1@+ Q7 < 17+ Qs) 7'

This, together with the previous result and completes the proof. O

Since [11(Qs)| = [12(Qs)| = - -+ = 0 and the eigenvalues tend to 0, the convergence factor
is less than 1 for k sufficiently large. Hence the upper bound decreases as k — oo and we
obtain superlinear convergence rate.

3 The main results

Let d > 2, p > 2 and Q c R be a bounded domain. We consider the elliptic problem

{ —div(GVu) +nu = g, (15)

ulag =0,

under the standard assumptions listed below. We shall focus on the case when the principal
part has constant or separable coefficients, i.e.,

G(x)=G eRYxRY or G(x) = dia(gf{Gi(xl-)}f\i1

whereas 7 = n(x) is a general variable (i.e. nonconstant) coefficient. Let problem satisfy
the following assumptions:

(i) The symmetric matrix-valued function G € L*® (Q,RY x R?) satisfies

G(x)é - € 2 mlé”
for all £ € R4, m > 0 independent of &.
(ii) 7 € LP/P=2(Q) and 5 > 0.
(iii) 0Q is a Lipschitz boundary.
(iv) g € L*(Q).

Then problem has a unique weak solution in Htl)(Q)
Let V), C H(l)(Q) be a given FEM subspace. We look for the numerical solution u; of
in Vh:

/(GVuh Vv +nupv) = / gv, VeV, (16)
Q Q
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The corresponding linear algebraic system has the form
(Gr+Dyp)e =g,

where Gj and Dy, are the corresponding stiffness and mass matrices, respectively. We apply
the matrix Gy as preconditioner, thus the preconditioned form of is given by

(I, +G;'Dy)e =g, (17)

with g, = G;lgh. Then we apply the CGM to and the auxiliary systems with Gj can
be solved efficiently with fast solvers.

Theorem 2. Let2 < p < dQTd, and m the lower spectral bound of G given by assumption ().

Then there exists C > 0 such that for all k € N

1
(”ek”A)k < k. (18)
lleolla

+

N[ =

where @ = % -

=

Proof. Let us consider the Hilbert space L2(Q) endowed with the usual inner product. Let
D={uce H(lJ(Q) NH2(Q) / GVu € H'(Q)V}. We define the operators
Su = —-div(GVu), ueD and Qu=nu, uc H(l)(Q)

and since p < 2% = %, the embedding 7 : H(l)(Q) — L7(Q) is compact, in particular, there

exists ¢ > 0 such that for all u € Hé(Q)

lullLr @) < éllullg@)- (19)

Then
(Su,u) > m/ |Vul? > mv/ u?, ueb,
Q Q

where v is the Sobolev constant. Hence, the energy space Hg is a well-defined Hilbert space
with (u,v)g = /Q GVu-Vv. It is easy to see that Hg = H(l)(Q) and that the following inequality

Vitlullygs o) < llullsg (20)
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holds for all u € Hg. Furthermore,

1Qsvllag = sup [(Qsv,u)s| = sup (Qv,u)

lull =1 lull g =1

- e, fo
o (L) (L) (L] o

< ¢ sup ”U”Lp/(p 2)(Q)”V”LP(Q)”u”Hl(Q)
”””HS

—— Sup ||77||Lp/<p—2>(g)||V||L1’(Q)||M||HS

V llullg=1

= VilLr ()

where M = |n]lp/-2)(q)- Here we applied the extension of Holder’s inequality (|4, Th. 4.6])
with

Hence Qg is compact and self-adjoint in Hs.
Let A, = 1,(Qs). Since Qg is a compact self-adjoint operator in Hg, by [7, Ch.6, Th.1.5]

we have the following characterization of the eigenvalues of Qs:
VneN:  2,(Qs) =min{||Qs — Ly-1ll / Ln-1 € L(Hs),rank(L,-1) <n -1} (22)

By taking the minimum over a smaller subset of finite rank operators, we obtain

,(Qs) < min{||Qs — OsLy-1ll / Lp-1 € L(Hs),rank(L,—1) < n—1}. (23)
Now, by and we get
1(Qs — OsLy-1)ulln
1Qs — QsLy-1]| = 2
ueHg ||M||HS
_ 1Qs(u — Lyp—1u)|| 1y
MEHS ||u||HS
M sup lu — Ly—1ullr (@)
- \/ﬁ ueHg ||u||HS

M lu — Ly—1ullLr (@)

< sup
Vm~m ueH}(Q) ”u”H(l)(Q)

This, together with yields

A (Qs) < é_M min{[|Z - Lyl / Lo-1 € LH(Q), L7 (Q)), rank(L,1) < n—1}

My
m

(24)
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where a,(Z) denotes the approximation numbers of the compact embedding I : H(l)(Q) —
L7(Q), |[11]. Furthermore, we have the estimation [6]

an(I) < Cn™®, a=

+

b

Q=
N —
N |-

for some constant C > 0. Therefore, we arrive at the inequality

CéM

n .
m

ﬂn(QS) <

Now, taking the arithmetic mean on both sides and estimating the sum from above by an

integral we obtain

k A A k A A
1 CcM 1 1 CcM 1
— Ap < — 11+ — | L —— 25
k; (Qs) m k ( /1 xa) m(l —a) k® (25)
Then, by (14), we conclude. m|

Remark 1. The auziliary problem Swy = Qpy for the PCGM can be solved easily with fast
solvers due to the special structure of S, [9], [3].

3.1 Elliptic systems

In this section, we prove that the previous results can be extended to systems of the form

{ —Au; +niiuy + ... nisus = g, <26)

I/l,‘laQ:O, (izl,...,s),

where H = {n;,} is a symmetric positive semidefinite variable coefficient matrix such that

S
i,j=1
Vi,je{l,...,sy: ;e LP/P2(Q).

We work with the space L?(Q)* with the norm

1/2
, u=(ui,...,us) € LP(Q)".

N
lullLr (@) = (Z ”uj”%p(g)
=
Let H=12(Q)*. Let u = (uy...u;) €D = (Hé(Q) N H2(Q))*, we define the operators
—Au1

Su A Qu = Hu, ue H(l)(Q)S. (27)

_Aus
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Clearly, S is a uniformly positive symmetric operator in H. In fact, by Poincare’s inequality

(Su,u) > = Z 172, = ||u||H, (28)

where v is the Sobolev constant. Then, the energy space Hg is well defined with

s =Y, [Vt i =Y [ vl
i=1 /& i=1 7€

and so Hs = H} (©)*. Furthermore, by we have that

1 < 1
2 2 _ 2
iz = = Zl lllE oy = 5 i1 - (29)

Then there exists a unique operator Qg: H(l)(Q)S — L2(Q)* such that

(Qsu,v)s =/ Z Niju;jvi. (30)
Qi,j:1

It is easy to see that Qg is self-adjoint in Hg. Analogous to , by , and
Holder’s inequality we get

|Qsv|lag = sup [{Qsv,u)s|
[lulls=1

< sup /Inullvjllul
uunﬂs-l,, )

< sup lenulle/(p 2@ llvillLe @ lluillLr @)

lellrzg =1 524

31
<M sup Z”VJHLP(Q)leut”LP(Q) (31)
lull g =142
1/2 s 1/2
<M s Vs (Z ||v,||Lp(Q)) VE(Z ||u,-||ip(g>)
ullg=1 i=1

=Ms sup |[vllLesllullLe @)
lullprg =1

< Msc|vlie (o)
where M = max; ; |7 lr10-2 (). Hence, we have proved that Qs is a compact self-adjoint
operator in Hg. Then, the characterization of the eigenvalues of Qg holds. The rest of

the proof follows by modifying the scalar case. In this case, we take the minimum over a
smaller subset of finite rank operators to obtain

2,(Qs) < min{||Qs = OsLy-1ll / Lyp—1 € Laiag(Hs),rank(L,_1) < n -1},
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with L,_1 € Lgiag(Hs) if and only if

S
Ln—lu1

n—1

L,_1u= ) , such that L) | € L(H(l)(Q)) and rank(L,_;) <

LZ—l”S

Furthermore, we shall use the approximation numbers

)}

Note that if n < s, then we can use 4,(Qs) < ||Qsl|, and for n > s+ 1 the above numbers are
estimated by

apm1) = min {||I —Tull/ Ty € L(H(l)(Q),LP(Q)),rank(Tn_l) <

-

Arn1q < C , 32
[55] [ 5 (32)
Withazé—%+%. Then
(Qs — QsLy-1)ulln
Qs = QsLy-1ll = . .
MEHS ||u||HS
1Qs(u — Lyp—1u)|| g
MEHS ”u”HS
u—L,_qu s
< Msé sup I n-1u|lLr (@)
u€Hg ”u”Hs
s s 9 1/2
(T - il )
= Msc sup W
ueHg s 9 /
1/2
R ) 2 s 112
< Msc sup
ueHg

1/2
(Zj‘ﬂ ”“"HQH})(Q))
= Msclll =Ly |l gt e @)

Therefore

=)

= Msca[%].
Hence, by we obtain the estimation

n-117¢
A, (Qs) < MséC [n—] , n=s+1. (33)
s

10
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An(Qs) < |05l < Ms¢ n <s. (34)
Note that there exists kg, k1 > 0 such that

koSuSkl, Vx > 1.
X

Thus, forn > s+ 1

[n—l]_a< 1 s®

s
s « n“ 1
(&) (o555
- ((s+1))a i
< ko

Hence, becomes

=C—

. DY 1 1
/ln(QS)sMséC((s+ )) — = —.
n¢ n®

ko

and by taking arithmetic meaning on both sides and splitting the sum we get

| =

k k
D (@) < 2 [shlosl+ Y. ﬂn(Qs))
n=1

n=s+1

k
1
slosli+Cr ) —)

n=s+1

k1
SIIQs||+C1/ —Q)
s X

C; 1

+ —_—

105l T—are
1

k_a/’

<

IA

IA
QA e =~ ==

IA

2

where Cy = max{s||Qs||, Ci(1 — @)~'}. Finally, by Corollary , we have proved there exists
C > 0 such that for all k € N

1

I3

(”e"”A) < Ckw. (35)
lleolla

3.2 Extension to non-symmetric systems

Let us now study for H = {n;, j}ijﬂ non-symmetric. We apply the generalized minimal
residual (GMRES) method to the corresponding discretized system. This method is an
extension of the CG method to non-symmetric systems, [10].

First, we note that in the proof of Theorem 1 we show that @ also holds if we exchange
the eigenvalues of Qg with its singular values. Furthermore, by [Robust Super. conv.
paper| we have an analogue of Corollary 1 when A is non-hermitian. In this case, the

11
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GMRES method is applied to the system and we obtain superlinear converge estimates for
the residuals ry = Auy — g:

1/k -1y K
A
(”rk”A) < ” ” E Sj(QS), Vk=1,2,...,n. (36)
J=1

lirolla k

To show that Theorem [2 still holds in this case, we follow the same steps as we did
previously. We define the operators S, Q, Qg as before, , . Here, Qg is no longer
self-adjoint and its eigenvalues do not coincide with its singular values. Nonetheless, by [7,
Ch.6, Th.1.5] we have the following characterization of the singular values of Qg:

VneN:  s5,(Qs) =min{||Qs — L,-1ll / Ln-1 € L(Hs),rank(L,1) <n-1}.  (37)

Then, similarly to the proof for symmetric systems, we can show that there exists C; > 0
such that

k

1 1 1 1 1
— <Ci—, =——=+—. 38
k;:lsn(Qs)_ e YT g3 (38)

Therefore, by (36|), we obtain that there exists Co > 0 such that

Yy
rella )" _ 1

< Co—. 39
(nmnA ke (39)

Finally, note that r = Aex. Then |lex|la < [|A7 ||lrk]la and ||7oll < [|Alllleolla. Hence

lexlla)* 1 1/k 1
< Cog—cond(A)""* < Co—.
lleolla ke ke

where cond(A) = ||A|[||A7!|| < 1 denotes the conditioning number of A.

Remark 2. For elliptic symmetric systems, the auxiliary problem Swy = Qpy for the PCGM

becomes
“Awh =X mji(pi);,

-A(wg)2 = Zj‘:l Uzj(Pk)j,

-A(wg)s = Zj‘:l 77sj(pk)j’
(wilae =0, Vi=1,...,s.

Note that these equations are independent of one another. Hence, they can be solved in
parallel. Furthermore, in practice, these types of systems can be large, e.q in [12], long-range
transport of air pollution models are described by a system of PDEs with s = 30. That is, S

18 considerably simpler than B.

12
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4 A numerical example

Let us solve the following PDEs numerically

—Au+nu=f;, inQ=][0, 1]2,
ulpg =0

with i = 1,2. Here np € LI%(Q) is defined as
p—2

n(x,y)=*+yHE,  0<p<

and
fi(x,y) = 2% sin(7x) sin(my) + n(x, y) sin(zx) sin(ry),
f2 (x’ )’) =1
The exact solution of with i =1 is u(x, y) = sin(zx) sin(xy).
Applying the finite element method to with stepsize h = 1/(N + 1) we obtain the
algebraic system
(Gh + Dh)c,- = gz, i=1,2. (El/)

Then, we apply Gy as a preconditioner and we solve the preconditioned system using the
CGM.

a

Numerical value
< o o
B (=) (o2

o
)

=0
M

(a) Numerical solution with N = 20. (b) Exact solution

Figure 1: Graphics of the numerical and exact solution of withi =1 and g =1/4.

To measure the error of the PCGM, we use the energy norm
llella, = (G +Dy)e,e)? e eRe

Table 1 shows the error and the residual obtained at each iteration k of the method applied
to for i = 1, 2 respectively. We see that it takes 7 steps to reach a O(107'4) error.
To test Theorem , note that d =2 and so a = %. Furthermore, recall that

~9
P2 _1_9a.

nelrz(Q) iff<

13
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That is, if p > 2=, we get that the theorem holds when @ < PTB Table 2 shows the values

1-8°
of
lexlla, | ¥ - (lrella \F
6k:( h) ka, 6k:( h) k(y
leolla, 7olla,

for different choices of B (and hence of @) with i = 1, 2 respectively, while fixing a mesh size.
The value of d; corresponds to the system (E7)) with i = 1 and the value of 5y corresponds
to with i = 2. This demonstrates that ((18) holds in these cases since the values of &
and &y are bounded by a constant.

Finally, Table 3 shows the values of §; and &; for different mesh sizes while fixing the
values of B. Here we verify that the results of Theorem [2] are not sensitive to the size of the
mesh.

Table 1: Error and residual obtained with PCGM applied to the system with N = 40,
B=1/2.

S J2
0.029824319963556 | 0.193919601149356
0.000187444098497 | 0.003450112947903
0.000000867801395 | 0.000042352080426
0.000000003253692 | 0.000000414294358
0.000000000011404 | 0.000000003016228
0.000000000000049 | 0.000000000016330
0.000000000000018 | 0.000000000000058

Table 2: Values of ; and Sk for different a’s and B’s for a fixed mesh size N = 40.

14
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Table 3: Values of §; for different mesh sizes with 8 =3/4, @ = 0.12.

15
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